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Abstract. We show that toric ideals of flow polytopes are generated in degree 
3. This was conjectured by Diaconis and Eriksson for the special case of the 
Birkhoff polytope. Our proof uses a hyperplane subdivision method developed 
by Haase and Paffenholz. 

It is known that reduced revlex Grobner bases of the toric ideal of the 
Birkhoff polytope Bn have at most degree n. We show that this bound is 
sharp for some revlex term orders. For (m X n)-transportation polytopes, a 
similar result holds: they have Grobner bases of at most degree [mn/2j. We 
construct a family of examples, where this bound is sharp. 



1. Introduction 

Let G = {V,A) be a directed graph and d G Z^, l,u € N"^. A flow on G is 
a function f : A K>o that respects the lower and upper bounds I and u and 
satisfies the demand d, i. e. for every vertex v, the flow entering v minus the flow 
leaving v equals dy. A flow polytope is the set of all flows with fixed parameters 
G, d, M, I. 

An important special case are transportation polytopes. They can be written as 
sets of (to X n)-matriccs whose row and column sums equal some fixed positive 
integers. 

Given a lattice polytope P, the relations among the lattice points in P define 
the toric ideal Ip. Generating sets of toric ideals are used in algebraic statistics 
to construct Markov chain algorithms for sampling from conditional distributions 
In particular, small generating systems that can be handled by computers are 
of practical interest. Diaconis and Eriksson ([!]) conjectured that the toric ideal 
of the Birkhoff polytope Bn (the convex hull of all (n x n)-permutation matrices) 
is generated in degree 3. They proved this by massive computations for 7i < 6. For 
arbitrary n > 4, they showed that Ib„ has a generating set of degree n — 1. 

Haase and Paffenholz ([5]) proved that the toric ideals of almost all (3 x 3)- 
transportation polytopes and the smooth ones in particular are generated in degree 
2. The only exception is the Birkhoff polytope i?3, whose toric ideal is generated 
in degree 3. 

Our Main Theorem proves the Diaconis-Eriksson conjecture and generalizes the 
result of Haase and Paffenholz: 

Theorem 1.1 (Main Theorem). Toric ideals of flow polytopes are generated in 
degree 3. 
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Toric ideals define toric varieties, which are an important class of examples in 
algebraic geometry. A lattice polytope P is smooth if the edge directions at every 
vertex form a lattice basis. This is equivalent to the corresponding toric variety 
Xp being smooth. It was conjectured that if Xp is smooth, the defining ideal is 
generated by quadratic binomials or even possesses a quadratic Grobncr basis ([3], 
[T3l Conjecture 2.9]). The original motivation of our research was to check if this 
conjecture holds for flow polytopes. 

In Section\^ we review some important definitions and theorems. In Section\^ 
we describe a method that can be used to prove degree bounds for generating sets 
and Grobner bases of toric ideals: first, we choose a nice triangulation of the point 
set and then, we use a correspondence between Grobner bases and triangulations 
established by Sturmfels. This hyperplane subdivision method was developed by 
Haase and Paffenholz in [5]. In Section we apply the method described in Section 
13] to prove our Main Theorem. 

Diaconis and Sturmfels showed that all revlex Grobner bases of Ib„ are at most 
of degree n ([21 Theorem 6.1], [121 Theorem 14.8]). Computational experiments 
provide evidence that this bound might be optimal ([H Remark 9]). In Section\^ 
we show that for some revlex term orders, this bound is indeed optimal. Both the 
bound and the examples can be generalized to (m x n)-transportation polytopes: 
reduced Grobner bases with respect to a certain class of term orders are at most 
of degree [mn/2j and we construct a family of transportation polytopes and term 
orders, where this bound is almost sharp. 

2. Background 
In this section, we review some important definitions and theorems. 

2.1. Notation. N = {0, 1,2,.. .}. Matrices are denoted by capital letters, vectors 
by boldface small letters. Their entries are denoted by the corresponding small 
letters. Let a = (ai, . . . , a„) G N". Wc write a;" to denote the monomial YVi=i ^ 

k[x] = , . . . , Xn] • 

The term polytope always refers to a convex lattice polytope, i. e. all vertices of 
our polytopes are integral. For background information on polyhedral geometry 
and polytopes see Schrijver^s or Ziegler^s book |11[ I15| . 

2.2. Flow polytopes. Flow polytopes (or transshipment polytopes) are the main 
geometric objects we are dealing with. Let G = {V, A) be a directed graph and 
d G Z^, l,u E N'^. Let Mg G { — 1, 0, denote the vertex-arc incidence matrix 
of G. 

Note that the definition of flow polytopes given in the introduction is equivalent 

to 

F = Fg = Fg^cl^^,i = {/ G R^o I Mcf = d,l<f<u} (1) 
It is a standard fact that Mq is totally-unimodular. This implies that the polytope 
F has integral vertices. 

Throughout this paper, we suppose that all our flow polytopes F are homoge- 
neous, i. e. F is contained in an affine hyperplane, that does not contain the origin. 
If d 7^ this statement holds. Otherwise, we consider the homogenized polytope 
{l}xF. 

An important special case of flow polytopes are transportation polytopes. In 
statistics, they appear under the name 2-way contingency tables. 
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Let m,n ^ Z>i,r e Z"\,c G Z"^ be two vectors satisfying s := J27=i'^i 
'^^i Ti. The transportation polytope Trc is defined as 



a,;., = c,, = rj > (2) 



The upper ((m — 1) x (n — l))-minor of a matrix A G Trc determines all other 
entries. Hence, the dimension of T^c is at most (to — l)(n — 1). On the other 
hand, Oij — riCj/ s determines an interior point, so that the dimension is exactly 
(to - l)(n- 1). 

If r = c = (1,...,1), we obtain an important example: the Birkhoff polytope 
Bn- We will use the following theorem in the proof of the Main Theorem: 

Theorem 2.1 (Generalized Birkhoff-von Neumann Theorem). 
Let G = {V, A) he a directed graph and let F = FG,d,u.i be a flow polytope and 
k G N. Let f e {k ■ F) n TL^ . Then, there exist flows fi,...,fk e F n 
s. t. f = f, + ... + fk. 

For a combinatorial proof, see Schrijver [TTJ Th. 13.14]. Readers that are 
familiar with lattice polytopes might prefer the following proof: flow polytopes 
admit a unimodular triangulation (see below). Polytopes that admit a unimodular 
triangulation are normal. 

2.3. Toric ideals and Grobner bases. This paragraph defines toric ideals and 
Grobner bases as in Sturmfels^s book ([H]). Let A: be a field and let P C R'* be a 
homogeneous lattice polytope. The set of its lattice points A defines a semigroup 
homomorphism tt : N-^ — > 'Z'^,u i-^ Sae.A^"'^' "^l^ich can be lifted to a ring 
homomorphism 

TT:k[xa\a€A]-^k[tf\...tt^], x„^t" (3) 

Its kernel is the homogeneous ideal Ia = (x" — x'^ | X^og^^"** ~ X^aeyi^a*^)- 
This ideal is called the toric ideal associated to A (or P respectively). 

A binomial x'^ — x'" G Lj, corresponds to a relation between points in A. For 
example, for ^ = n Z'^^'^, /_4 is generated by the binomial that corresponds to 
the relation Edct(M)=i M = Edct(A/)=-i M. 

A total order -< on N" is a term order if a -< 6 implies a+c -< b+c for all a,b,c ^ N" 
and the zero vector is the unique minimal element. An important example is 
the graded reverse lexicographic (revlex) order: a ^roviox b if J2i O'i < J2i or 
Si '^i ~ Si bi and the rightmost non-zero entry in a — 6 is positive. Note that the 
revlex order depends on the order of the variables. 

Let / C k[xi, . . . ,Xn] be an ideal and let -< denote a term order on N". For 
/ G k[xi, . . . ,Xn], let in_/(/) denote the initial (largest) term of / with respect to 
-<. A finite set Q C I is a, Grobner basis of / if for every f G I, there exists a. g G Q 
s.t. in^(g)| in^(/). A Grobner basis Q is called reduced if for two distinct elements 
9i9' € S, no term of g' is divisible by ui^{g). The reduced Grobner basis is unique 
if we fix an ideal and a term order and require the coefficient of the initial term of 
every element to be 1. 

For uj > and an arbitrary term order -<, we obtain a new term order by 
a b if and only if a • w < 6 • w or {a ■ uj = b ■ uj and x"' -< x^). 
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2.4. Regular triangulations and initial ideals. We assume that the reader is 
famihar with regular and pulling triangulations (see e. g. [6] or [9]). A triangulation 
is called unimodular if the normalized volume of all simplices contained in it equals 
1. 

For a generic w G R", there is a connection between the regular triangulation 
and the term order defined by co. This is described by the following theorem, which 
is a conglomerate of Corollaries 8.4 and 8.9 in Sturmfels's book (|12|): 

Theorem 2.2. Let P be a polytope and A be a regular, unimodular triangulation 
of P. Let be the term order corresponding to A. Then, the initial ideal of Ip 
with respect to is given by 

in^^(/p) = ^a;"^ \ F is a minimal non-face o/ (4) 

Let A be a regular triangulation that is induced by the vector oj. It is known 
that A is a pulling triangulation if and only if is the reverse lexicographic term 
order. 

3. The Hyperplane Subdivision Method 

In this section, we describe a general method for showing degree bounds for 
generating sets and Grobner bases of toric ideals that was developed by Haase and 
Paffenholz (0). 

A flow polytope has a canonical subdivision into polytopes contained in lattice 
translates of a unit cube: we slice F along hyperplanes of type Hak — {x\xa = k}. 
Let F ~ Fc.d.u.i be a flow polytope. For fe G 1^ we define a cell of F as Zp{k) ~ 
{f G F \ ka < fa < ka + 1 tor all a € A}. Cells are flow polytopes using the same 
graph with tighter upper and lower bounds and thus lattice polytopes. For our 
purposes, it is acceptable to identify a cell with the translated cell Zp^k) — fc C 

[0,1]^. ^ ^ 

We will use a particular class of regular triangulations that we call subdivide- and- 
pull triangulations. They are obtained in the following way: start by subdividing 
the flow polytope along hyperplanes into cells as defined above. Then refine to a 
triangulation by pulling all vertices. 

The following lemma will be used in the next section to prove the Main Theorem: 

Lemma 3.1. Let F be a fiow polytope and k > 2. Lp is generated in degree k if 
the toric ideal of every cell of F is generated in degree k. 

Let A be a subdivide-and-pull triangulation of F and let Q be the reduced 
Grobner basis with respect to the term order ^a- G has at most degree k if for 
every cell Z, the Grobner basis of Iz with respect to the restriction of -<a to Z has 
at most degree k. 

Proof of Lemma \3.1\ Let Aj? be a subdivide-and-pull triangulation of F . A poly- 
tope is said to have facet width 1 if for each of its facets, the polytope lies between 
the hyperplane spanned by this facet and the next parallel lattice hyperplane. It is 
known, that a polytope has facet width 1 if and only if all its pulling triangulations 
are unimodular ([HI [TOl [H]]). Cells of fiow polynomials have facet width 1. Hence, 
Ai? is unimodular. 

Observe that all minimal non-faces that are not contained in a cell have cardi- 
nality 2 ([4]). Both statements of the theorem follow by applying Theorem l2.2l □ 
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Example 3.2. Let A = {a, b, c, d, e, /} C 7? be the set of lattice points in Figure [H 
The subdivide-and-puU triangulation in the picture is induced by the height vector 
uj ~ (9, 0, 10, 9, 0, 10). The Grobner basis with respect to is Q = {bf — ae, ce — 
bd, cf — be,ad — be,ac — 6^, df — e^}. The initial terms are underlined. 




Figure 1. A regular triangulation 

4. Proof of the Main Theorem 

In this section, we prove that toric ideals of flow polytopes are generated in 
degree 3 by applying the method described in the previous section. First, we prove 
our result for transportation polytopes. In the second subsection, we show that the 
general statement can be reduced to this special case. 

4.1. Proof for Transportation Polytopes. 

Theorem 4.1. Toric ideals of transportation polytopes are generated in degree 3. 

Proof. Due to Lemma [XTl it suffices to show that the bound holds for all cells. Let 
Z he a cell of an (m x n)-transportation polytopc and let ^ = Z n Z™^". We may 
suppose that Z is full-dimensional, as all cells are faces of full-dimensional cells. 

Let d : ^ X ^ — !> N, d{M,N) := \{{i,j)\mij ^ nij}\ denote the Hamming 
distance of two matrices. For m, v £ N"^ with — x"" ^ we define the distance 
d{u, v) min{d{M, N)\M G supp(M), N G supp(t;)}. 

Suppose that the theorem is wrong, i. e. there exists a binomial x'^ — x'" £ 
of degree k > A that cannot be expressed by binomials in I_a of smaller degree. 
Choose u and d s.t. I :— d(u,v) is minimal over all binomials with this property. 
Let £ supp(u) and £ supp(t)) be matrices with d{M^,N^) = I. We can 
deduce I > 4 from the fact that row and column sums in and A^^ agree. 
We will need the following lemma, which tells us something about the structure of 
Afi and N^: 



Lemma 4.2. (i) There are no indices ji,«2,ii,j2 with rnl_^j_^ = m\ 



- ■ 

31 ""«2J2 nj2 



""42^1 ~ ^ ^'^^ "^iii'j ~ ™i2ji ~ ^^iiji ^ "42^2 ^ *■ ^- impossible, that at 
the same time 



Jl J2 Jl J2 



12 



1 
1 



is a submatrix of and 

«2 



1 

1 



is a submatrix of A^^. (5) 



(ii) This statement remains true, if we replace in one of the two submatrices a 
zero by a one or a one by a zero. 
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Proof. We will prove (P and ^ at the same time. Suppose that at least one of the 
statements is false. We will show that in this case, the distance of and is 
not minimal. Define a matrix M by: 



1 for = {ii,j2) or = {12, ji) 

for = (ii, ji) or (i, j) = (12,^2) 

m,i otherwise 



(6) 



WLOG in case is the matrix where one entry was replaced. Hence, M e Z . 

In both cases, the following inequality holds: 

d{M,N^)<d{M^,N^)~2 (7) 

There exist matrices M"^ and in supp(it), s.t. for A = M'^ + M^ the inequalities 
o-iij2 ^ "^11^2 ~ 1 s-'^d flijjj > rhi^j^ = 1 hold. This follows from the fact that 
SA/esupp(u) -^'^ ~ "l^Nesuppiv) 

It follows, that (M^ + AP + - M) has only positive entries. Thus, it is 
contained in 2 ■ Z^. By the Generalized Birkhoff-von Neumann Theorem (Theorem 
|2T|) . there exist matrices and A^ s. t. + KP + AP = M + A^ + A^ . 

Now choose u' s.t. 



(8) 



By construction, a;" — a;" is a binomial in of degree fc, that cannot be expressed 
by binomials of smaller degree. Using ([7]), we deduce d{u',v) < d{M,N^) < 
d{M^,N^) = d{u,v). Contradiction. □ 

Now we finish the proof of Theorem 14. II As ^ A''^, there must be a position, in 
which has a one and 7V^ has a zero. Since both matrices have the same column 
sums, there must be a position in the same column, where the situation is converse. 
So WLOG, wc can write: 



AP 



(9) 



As row sums in both matrices agree, there must be another entry in the first row, 
where has a one and has a zero. Likewise, there must be an entry in the 
second row, where has a zero and has a one. Using Lemma [4.21 we obtain 
that those entries must be in different columns. Thus, WLOG we can write: 



(10) 





1 ^^^^ , . , 




' 1 


= 


B 


= 













If nk 



was valid, we would have a submatrix, which is forbidden by Lemma 14. 2 



(11) 





''I 


0" . . ." 




0^ 


1 












^ 



So, 71,23 = 1 must hold. 
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In the same way, we obtain the vahies for the other darkly shaded entries: 





' 








1 















Now, we can reapply this argument: due to the fact that the row sums in both 
matrices are the same, there is another entry in the first row where has a one 
and has a zero, as well as another entry in the second row in another column, 
where has a zero and has a one. Because of Lemma 14. 2[ the two entries 
above/below are fixed as well and we obtain: 



1 


1 


1 








1 


1— ' 











1 1 


1 


1 





1 


1 



(13) 



Reapplying this argument again and again we arrive at a point where all columns 
are "used up" and it is unavoidable that a submatrix that is forbidden by Lemma 
4.21 appears. Contradiction. □ 



4.2. Generalization to Flow Polytopes. In this subsection, we show that the 
Main Theorem can be deduced from the result on transportation polytopes proved 
in the previous subsection. 



Proof of the Main Theorem. First note that Theorem 14 . 1 1 also holds for transporta- 
tion polytopes that have integer lower and upper bounds on the entries of the ma- 
trices. This implies that the theorem holds for flow polytopes whose underlying 
graph is bipartite and all arcs point to the same color class. 

Now let Fc = Fc,d,u,i be a flow polytope. We will see below that it is possible 
to transform an arbitrary graph G = {V,A) into a bipartite graph G' — {V',A'), 
s.t. all arcs point to the same color class and there exists a bijective map tp : 
Fg nz^ ^ Fg' nz^' which can be extendend to an isomorphism of the semigroups 
that those sets of lattice points generate. This implies, that the toric ideals Ifq 
and Ip^ are equal. By the observation above, Ip^, is generated in degree 3. 

The following transformation (essentially [HI 21.6a]) can be used: split ev- 
ery vertex v € V into two vertices v' and v" . For every arc (v,w), add an 
arc {v',w"), which inherits the upper and lower bounds of {v,w). For every 
V G V, add arcs of the form {v',v"). Choose a constant N E N that satisfies 
N > nii^x{J2^.(^,^)^v^{v.w),J2w:{n,,v)&vU{'u>,v)} for aU v e V. Set <, = -N, 
rf'„„ — N + dv as well as u'^^, = oo and l'^^, ^„-^ — for all v ^V. For an example 
sec Figured] D 



5. Grobner Bases for Transportation Polytopes 

In this section, we discuss degree bounds for Grobner bases of transportation 
polytopes and we construct Grobner bases in high degree. 

For the toric ideal of the Birkhoff polytope, the following degree bound for their 
revlex Grobner bases is known: 

Theorem 5.1 (,2j Theorem 6.1],|l2l Theorem 14.8]). Let Ib„ be the toric ideal of 
the Birkhoff polytope Bn ■ Let Q be a reduced Grobner basis of Ib„ with respect to 
an arbitrary reverse lexicographic term order. 
Then, Q has at most degree n. 



8 



MATTHIAS LENZ 




(a) Before (b) After 



Figure 2. A graph G = {V,A), its demand vector and a flow on 
the graph are transformed. For all a G A, = and Uq = 12. 

The proof of this theorem uses the fact that every integer matrix in _B„ contains 
exactly n ones. Consider a cell Z of an (m x n)-transportation polytope. Either 
for Z or for the complementary cell Z' obtained by exchanging zeroes and ones, 
the following statement holds: every integer matrix in the cell contains at most 
\mn/2\ ones. Using this observation, essentially the same proof yields the following 
theorem: 

Theorem 5.2. Let Tj-c be an (m x n) -transportation polytope and let -< denote 
a term order that corresponds to a subdivide- and-pull triangulation (as defined in 
Section\^. 

Then, the reduced Grobner basis of It^^ has at most degree [^^J ■ 

This improves a known degree bound for reduced Grobner bases ( \V2[ Proposition 
13.15]) by a factor of approximately 2. 

Both theorems are (almost) as good as they can get, in the following sense: 

Theorem 5.3 (i?„ has revlex Grobner bases in degree n). Fix rt G N. Then there 
exists a revlex term order s.t. the reduced Grobner basis of Ib2„ has exactly 
degree 2n. 

Theorem 5.4 (Grobner bases in high degree for transportation polytopcs). Let 
m and n be even. Then there exists a smooth (m x n) -transportation polytope Trc 
and a term order s.t. the reduced Grobner basis of It^^ has degree at least 

m(n — 2) 
2 ■ 

The term order can be chosen to be revlex or it can correspond to a subdivide- 
and-pull triangulation (as defined in Section\B^. 

Theorem 15.31 supports the experimental result of Diaconis and Eriksson, who 
suggested that revlex Grobner bases of Ib„ have exactly degree n ([l] Remark 9]). 

Examples for the constructions used in the proofs of Theorems 15.31 and 15.41 can 
be found at the end of this section. 

Proof of Theorem ] 5. 3[ For i = 1, . . . ,n, define {n x n)-matrices M', M*, A^* and 
A* by TO^j = 1, ml_^^ ^ = 1 (here n + 1 := 1), n*^- — 1 tor j ^ i and all other entries 
are zero. Ni is defined in the following way: column i and row i + 1 contain only 
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zeroes. If this row and column are deleted, the remaining matrix is an identity 
matrix. 



A, 









A'P 



(14) 



By the Generalized Birkhoff-von Neumann Theorem (Theorem 12. ip , there exist 
matrices Mi, . . . , M„_i s. t. 



^(A*+S')=/2„ + ^M, 



i=l 



J n 




Sn 


Jn 



where 



''2n - 3" 


1 








1 


2n - 4^ 


1 










1 


















1 








1 


_2n - 4 


1 








1 " 


2n - s] 



Jn ^ 







1" 


1 
















1 






1^ 



(15) 



(16) 



(17) 



and /„ denotes the identity matrix. 

Order the lattice points of i?2n s. t. I2n is the minimal element and the matrices 
Ai and Bi are smaller than all the remaining elements. In the revlex order ~< 
defined by this ordering, the left side of equation (fT5)) corresponds to the initial 
term. One can show that it is a minimal generator of the initial ideal in^ {lB2n ) ■ 
This follows from two facts: each Ai and each Bi is necessary to cover all the ones 
in and each Ai and each Bi has a one that is not covered by any of the other 
AjS or BiS. □ 



Proof of Theorem \5.4\ First, we define some notation for a couple of (^ ^ fj- 
matrices with {0, l}-entries. Let 1 and denote the matrices where all entries are 
1 or respectively. Let ly be the matrix, whose entry at position (i, j) is 1 and all 
other entries are 0. Let Oy := 1 — ly. 

Using those matrices, we will now define some (m x 7i)-matrices: 



A, 



E 



hi 
Oil 



B, 



' 1 


o" 





1 



D = 



' lij 







1 


" 


l" 


1 






(18) 
(19) 
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c 



" 1 ... 
1 ... 


1 ... 1" 
1 ... 1 


1 ... 1 
_ 1 ... 1 


1 ... 
1 ... 0_ 



(20) 



The following equation is a relation of lattice points in the polytope Trc with 
= fE,... ") and c= f^,...,^): 



, . s fn \ „ ( m(n — 2) — n \ , , 

Y^Y.iA,,+B,,)=[--2)-C+i ^ ^> + iyD + E= (21) 

i=l 1=2 ^ ^ 



t-1 1 ... 1 
t-1 1 ... 1 


m(n— 2) — n , -| ni(n — 2) -^ 7n(n — 2) ^~ 
2 ' 2 1 . . . 2 ^ 

771 ( 71 — 2 ) — n 1 -| 771 ( n — 2 ) -| 77l ( 7l — 2 ) ^ 

2 ' 2 1 . . . 2 ^ 


m{n—2)—n , -^ m(n— 2) -| m{n— 2) -j 
2 ' 2 1 . . . 2 ^ 

m(n— 2)— n , m{Ti— 2) m{7i— 2) ^ 
2 ' ^ 2 1 . . . 2 ^ 


f-1 1 ... 1 
f-1 1 ... 1 . 



Let A = Trc n Z"'^". Choose a term order ^ s. t. either 

(i) ~< is revlex and E is the minimal element and the elements of B are smaller 
than all the remaining elements of A 

(ii) or -< corresponds to a subdivide-and-pull triangulation, E is the minimal ele- 
ment in the full-dimensional cell Z that ()2ip is contained in and the elements 
of B are smaller than all the remaining elements oi Z n A. 

The left side of (PT|) corresponds to the initial term in the order -<. One can show 
that it is a minimal generator of the initial ideal in^(/T^^). This follows from two 
facts: each element of B is necessary to cover all the ones in E and each element of 
B contains a one that is not covered by any other element of B. 

Hence, the reduced Grobner basis of It^^ with respect to ~< contains an element 
of degree ^ . 

Lemma 1 in [5| characterizes the marginals of smooth transportation polytopes. 
The transportation polytope defined above is not smooth. However, if we add mn 
to all entries in the last column of the matrices in pip , we obtain a relation of lattice 
points in the transportation polytope with marginals = (f + nin, . . . , f -I- rmij 
and c = ( Y, • ■ • , ^,m?n + y) • This polytope is smooth. □ 



Example 5.5. This example shows that Theorem 15.31 holds for n — Q. 
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This equation corresponds to an element of Ib^ ■ We order the lattice points in 
Bq s. t. Iq is minimal and Ai, A2, A^^ Bi, B^ are smaller than all the remaining 
points. In the revlex order -< defined by this ordering, the left side of the equation 
corresponds to the initial term. One can show that it is a minimal generator of the 
initial ideal in^(/Bg). Hence, the reduced Grobner basis of Ibq with respect to -< 
contains an element of degree 6. 

Example 5.6. This example shows that Theorem 15.41 holds for n = m ~ 6. The 
following equation is a relation of lattice points in the polytope T^c with r = c = 
(3, 3, 3, 3, 3, 3). A translated version of this relation is contained in the transporta- 
tion polytope with marginals r — (39,39,39,39,39,39) and c = (3,3,3,3,3,219). 
By [SI Lemma 1], this polytope is smooth. 
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We order the lattice points of Trc s.t. E is minimal and the AijS and BijS axe 
smaller than all the remaining points. 

In the revlex order -< defined by this ordering, the left side of the equation 
corresponds to the initial term. One can show that it is a minimal generator of the 
initial ideal in^(/T^^). Hence, the reduced Grobner basis of /t^^ with respect to -< 
contains an element of degree 12. 
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